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THE EFFECT OF PERTURBATIONS OF FRAMES ON THEIR
ALTERNATE AND APPROXIMATELY DUAL FRAMES
M. HAJIABOOTORABI1, H. JAVANSHIRI2 AND M. R. MARDANBEIGI3
Abstract. Approximately dual frames as a generalization of duality notion in Hilbert
spaces have applications in Gabor systems, wavelets, coorbit theory and sensor modeling.
In recent years, the computing of the associated deviations of the canonical and alternate
dual frames from the original ones has been considered by some authors. However, the
quantitative measurement of the associated deviations of the alternate and approximately
dual frames from the original ones has not been satisfactorily answered. In this paper,
among other things, it is proved that if the sequence Ψ = (ψn)n is sufficiently close to the
frame Φ = (ϕn)n, then Ψ is a frame for H and approximately dual frames Φad = (ϕadn )n
and Ψad = (ψadn )n can be found which are close to each other and particularly, we
estimate the deviation from perfect reconstruction in terms of the operatorA1 := TΦUΦad
and A2 := TΨUΨad and their approximation rates, where TX and UX denote the synthesis
and analysis operators of the frame X , respectively. Finally, we demonstrate how our
results apply in the practical case of Gabor systems. It is worth mentioning that some of
our perturbation conditions are quite different from those used in the previous literatures
on this topic.
1. Introduction
Frames were first introduced by Duffin and Schaeffer [10]. Today they are wide ap-
plication throughout mathematics and engineering. This is because of, a frame provides
robust, unconditionally convergent, basis-like but usually non-unique expansions of ele-
ments of underlying Hilbert space. Specifically, reconstruction of the original vector from
frame is typically achieved by using a so-called duality notion. A number of variations
and generalizations of duality notion can be found in [17, 18] in the more general con-
text of pseudo-duality, atomic system for subspace [11], approximate duality [8, 14] and
generalized duality [9, 14] .
In many situations, it is important to know which properties of frames are stable if we
slightly modify the elements of the systems. This gives rise to the so-called perturbation
theory. In detail, due to the fundamental works done by Paley and Wiener [19], the idea
of a specific perturbation of the typical exponential orthonormal basis of L2[−a, a] were
formally introduced and popularized from then on. Various generalizations of Paley and
Wiener perturbation Theorem have been appeared in the literature. For example, in [12],
it was studied how perturbations of a frame sequence affect the canonical dual. A similar
approach was made in [1] for G-frames. Later on, the question of stability of duals with
respect to perturbations in a much more general setting has been considered by Kutyniok
and her coauthors in [16]. Among other things, they quantitatively measured this stability
by considering the associated deviations of the canonical and alternate dual sequences
from the original ones. Lately in [14], the second author of the present paper, studied
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how perturbations of a frame affect the approximately dual frames. More precisely, he
showed that if the sequence Ψ = (ψn)n is sufficiently close to the frame Φ = (ϕn)n, then
Ψ is a frame for H and approximately dual frames Φad = (ϕadn )n and Ψad = (ψadn )n can
be found which are close to each other and TΦUΦad = TΨUΨad, where TX and UX denote
the synthesis and analysis operators of the frame X , respectively. It is worth mentioning
that other observations on the approximately dual frames were investigated also in [14].
We have two main goals in this paper. We first study some properties of (canonical)
approximately dual frames which have not been touched so far. We then show that if we
do a sufficiently small perturbation of a frame in the sense of [3, 4, 5], the approximately
dual of the new frame is also a small perturbation of the approximately dual of the first
one. In contrast to the work [14], we consider the problem in a much more general setting.
More precisely, we removed the imposed condition TΦUΦad = TΨUΨad and particularly, we
estimate for these cases the deviation from perfect reconstruction. These results pave
the way for estimating the associated deviations of the canonical [resp. alternate] ap-
proximately dual frames from the original ones which may be canonical [resp. alternate]
duals.
2. Basic notations
Throughout this paper, we denote byH a separable Hilbert space with the inner product
“
〈·, ·〉”, the norm ‖ · ‖ and orthonormal basis ξ = (en)n and we use the set of natural
numbers N as a generic index set for sequences and series in H. The notation ℓ2 is used
to denote the space of all square summable sequences on N equipped with the norm ‖ · ‖ℓ2
and ∆ = (δn)n refers to the canonical orthonormal basis of ℓ
2. Furthermore, the notation
B(H) [respectively, B(H, ℓ2)] is used to denote the Banach space of all bounded linear
operators from H into H [respectively, ℓ2]. For an operator T ∈ B(H), the notations
R(T ) and ker(T ) are used to denote the range and the kernel of T , respectively; the
notation ‖T‖op indicates the operator norm; for closed subspace X of H, the letter T |X
refers to the restriction of T to X and PX denotes the orthogonal projection of H onto X .
Moreover, our notation and terminology are standard and, concerning frames in Hilbert
spaces, they are in general those of the book [6] of Christensen.
Recall that a sequence Φ = (ϕn)n ⊆ H is a frame for H, if there exist constants
mΦ,MΦ > 0 such that
mΦ‖f‖2 ≤
∞∑
n=1
|〈f, ϕn〉|2 ≤MΦ‖f‖2 (f ∈ H), (2.1)
where mΦ,MΦ are called frame bounds. If only the right inequality of (2.1) holds, then
Φ is called a Bessel sequence. From now on, the notation Fr(H) is used to denote the set
of all frames in H. Moreover, we define the frame norm on this set as defined below and
motivated in Section 4:
‖Φ‖Fr := ‖TΦ‖op.
In what follows, for a frame Φ in H, the notation UΦ : H → ℓ2 with UΦ(f) := (
〈
f, ϕn
〉
)n
denotes the associated analysis operator. Its adjoint TΦ := U
∗
Φ, the synthesis operator of
Φ, maps ℓ2 surjectively onto H and defined by TΦc :=
∑∞
n=1 cnϕn for all c = (cn)n ∈ ℓ2.
The reader will remark that these operators can be defined for Bessel sequences as for
frames. Observe that SΦ := TΦUΦ, the frame operator of Φ, is a bounded and positive
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self-adjoint operator on H. In particular, each f ∈ H can be expressed as
f =
∞∑
n=1
〈
f, S−1Φ ϕn
〉
ϕn.
In particular, if Φ is not a Riesz basis, then there exists infinitely many sequences Φd =
(ϕdn)n, so-called a dual of Φ, such that the following reconstruction formula holds
f =
∞∑
n=1
〈
f, ϕdn
〉
ϕn (f ∈ H), (2.2)
see Theorem 5.2.3 of [6]. In terms of the operators TΦ and UΦd , the equality (2.2) means
that TΦUΦd = IdH = TΦdUΦ, where here and in the sequel IdH is the identity operator on
H.
We conclude this section by recalling the definition and some facts about the gap
between two closed subspaces in H. Recall from [16] that for two closed subspace X and
Y in H the gap from X to Y is defined by
δ(X ,Y) := ∥∥(IdH − PY)|X∥∥op = ∥∥PY⊥|X∥∥op.
It is notable that δ(X ,Y) = δ(Y⊥,X⊥) and
∆(Y ,X ) := ‖PY − PX‖op = max
{
δ(X ,Y), δ(Y ,X )}.
Particularly, if we have ∆(Y ,X ) < 1, then X ∩ Y⊥ = {0} = Y ∩ X⊥ and the operators
PY |X and PX |Y are isomorphisms.
Finally, we would like to recall the following result from [16] which will be needed in
the sequel.
Lemma 2.1. Let Φ be a frame for H and let Ψ be a Bessel sequence. Then
δ(R(UΦ),R(UΨ)) ≤ ‖TΦ − TΨ‖op√
mΦ
,
where bar denotes the norm closure.
3. Approximately dual frames
In order to have different reconstruction strategies various generalizations of Eq. (2.2)
have been proposed in the literatures. One of them considered by Christensen and Lauge-
sen [8] in 2010. They call two Bessel sequences Φ and Φad are approximately dual frames
if ‖IdH − TΦUΦad‖op < 1. The approximation rate of approximately dual frames Φ and
Φad is the number ε ∈ [0, 1) for which ‖IdH − TΦUΦad‖op ≤ ε. Later on, Dehghan and
Hasankhani-Fard [9], stated in [14] as well as earlier in [13], introduced and studied the
notion of generalized duality for frames in Hilbert spaces. Recall from [14, Remark 2.8(i)]
that two frames Φ and Φgd are generalized dual frames, if TΦUΦgd is just invertible.
It is shown in [14] that approximately dual frames of Φ are precisely the sequences(
A∗S−1Φ ϕn +Θ∗(δn)
)
n
, (3.1)
where A is an operator in B(H) for which ‖IdH −A‖op < 1 and
Θ ∈ ranB(H,ℓ2)(TΦ) :=
{
Θ ∈ B(H, ℓ2) : TΦΘ = 0
}
.
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This characterization can be viewed as an operator theoretical variant of a classical result
in [6] for approximately dual frames.
The following notations will be used frequently in the rest of the paper.
Notation 3.1. Let Φ be a frame for H. For the sake of notational convenience and
better citation, in what follows the notation ΦadΘ (A) is used to denote the approximate
dual frame of Φ such that the n’th component, πn(Φ
ad
Θ (A)), is equal to A∗S−1Φ ϕn+Θ∗(δn).
This says that
Af =
∞∑
n=1
〈
f, πn(Φ
ad
Θ (A))
〉
ϕn (f ∈ H), (3.2)
where we agree to write A = TΦUΦadΘ (A). In the case when A = IdH (alternate dual
setting) we use the notation Φ˜(Θ) for the sequence(
πn(Φ˜(Θ)) := S
−1
Φ ϕn +Θ
∗(δn)
)
n
.
With this notation, Φ˜(0) refers to the canonical dual of Φ and particularly the synthesis
operator of ΦadΘ (A) is
TΦadΘ (A) = A
∗TΦ˜(0) +Θ
∗ = A∗S−1Φ TΦ +Θ∗.
Moreover, the letter AD(Φ) [resp. D(Φ)] is used to denote the set of all approximately
[resp. alternate] dual frames of Φ.
If moptΦ refers to the optimal lower frame bound of Φ, that is, the largest mΦ that fulfill
the corresponding inequality, then recall from [6, Proposition 5.4.4] that ‖UΦ˜(0)‖2op =
(moptΦ )
−1. The following result generalized this equality to approximately dual frames
setting, where the identity operator replaced by an operator A with ‖IdH − A‖op < 1.
In details, it shows that there is a unique approximately dual frame of Φ whose analysis
operator obtains the minimal norm of the set of the norms of analysis operators of all
approximately dual frames of Φ.
Proposition 3.2. Let Φ be a frame for H. Then for any approximately dual frame ΦadΘ (A)
of Φ we have
‖UΦadΘ (A)‖
2
op ≥
(
moptΦ ‖A−1‖2op
)−1
,
and Φad0 (A) is the unique approximately dual frame of Φ for which
‖UΦad0 (A)‖2op =
(
moptΦ ‖A−1‖2op
)−1
.
Proof. By definition, we observe that
‖f‖2 ≤ 1
mΦ
‖UΦf‖2ℓ2 (f ∈ H).
It follows that
1
moptΦ
= inf
{
γ : ‖f‖2 ≤ γ‖UΦf‖2ℓ2 ∀ f ∈ H
}
. (3.3)
On the other hand, we have
‖A∗f‖2 = 〈AA∗f, f〉
=
〈
TΦUΦadΘ (A)TΦadΘ (A)UΦf, f
〉
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≤ ‖UΦadΘ (A)‖
2
op
〈
TΦUΦf, f
〉
= ‖UΦadΘ (A)‖
2
op‖UΦ(f)‖2ℓ2.
From this, by equality ‖f‖ ≤ ‖A−1‖op‖A∗f‖ (f ∈ H), we deduce that
‖f‖2 ≤ ‖A−1‖2op‖UΦadΘ (A)‖
2
op‖UΦ(f)‖2ℓ2.
We now invoke Eq. (3.3) to conclude that
‖A−1‖2op‖UΦadΘ (A)‖
2
op ≥
1
moptΦ
.
In order to prove that Φad0 (A) is the unique approximately dual frame of Φ for which
‖UΦad0 (A)‖
2
op =
(
moptΦ ‖A−1‖2op
)−1
,
we first make use of Douglas’ Theorem for surjective operators TΦ and A and find that
there exists a unique operator R : H → ℓ2 of minimal norm for which A = TΦR, particu-
larly, we have
‖R‖2op = inf
{
δ : ‖A∗f‖2 ≤ δ‖Rf‖2ℓ2 ∀ f ∈ H
}
.
On the other hand, an argument similar to the proof of [6, Lemma 5.4.2] shows that if f
has a representation Af =∑∞n=1 cnϕn for some coefficients (cn)n, then
∞∑
n=1
|cn|2 =
∞∑
n=1
|〈f,A∗S−1Φ ϕn〉|2 + ∞∑
n=1
|cn −
〈
f,A∗S−1Φ ϕn
〉|2.
It follows that R = UΦad0 (A) and thus
‖UΦad0 (A)‖
2
op = inf
{
δ : ‖A∗f‖2 ≤ δ‖UΦf‖2ℓ2 ∀ f ∈ H
}
= inf
{
δ : ‖f‖2 ≤ ‖A−1‖2opδ‖UΦf‖2ℓ2 ∀ f ∈ H
}
=
1
‖A−1‖2op
inf
{
γ : ‖f‖2 ≤ γ‖UΦf‖2ℓ2 ∀ f ∈ H
}
=
1
moptΦ ‖A−1‖2op
.
We have now completed the proof of the theorem. 
The following remark is now immediate.
Remark 3.3. Following alternate dual frames setting, in what follows, the approximately
dual frame Φad0 (A) of Φ is called the canonical approximately dual frame of Φ.
It is known that a Riesz basis forH is a family of the form (Ben)n, where B is a bijective
operator in B(H) (see [6, Definition 3.6.1]). Particularly, if Φ is a Riesz basis, then its
synthesis operator is injective. This together with the characterization (3.1) imply that
the approximately dual frames of a Riesz basis Φ such that ϕn = Ben (n ∈ N), are
precisely the sequences (
A∗S−1Φ Ben
)
n
=
(
A∗(B∗)−1en
)
n
,
where A is an operator in B(H) for which ‖IdH − A‖op < 1. Hence, an approximately
dual frame of a Riesz basis is also a Riesz basis, but, it is not unique. It is worthwhile to
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mention that approximately dual frames of a near-Riesz basis are also a near-Riesz basis.
Let us recall that a frame Φ is called a near-Riesz basis whenever it consists of a Riesz
basis and a finite number of extra elements. Particularly, the excess of a near-Riesz basis
is defined to be the number of elements which have to be removed to obtain a Riesz basis.
More generally, by [2, Corollary 2.7] approximately dual frames have the same excess,
that is,
dim(ker(TΦ)) = dim(ker(TΦadΘ (A))),
for each A ∈ B(H) with ‖IdH −A‖op < 1 and Θ ∈ ranB(H,ℓ2)(TΦ).
4. The perturbation effect on the duals
Let us commence by recalling some perturbation conditions of frames in Hilbert spaces
and investigate some results related to the Paley and Wiener perturbation Theorem.
• Following [5], we say that the sequence Φ and Ψ are quadratically close if
q :=
∞∑
n=1
‖ϕn − ψn‖2 <∞.
• Inspired by [4], we say that the frame Φ and the sequence Ψ in H is d-quadratically
close if they are quadratically close with mΦ ≤ q and
qΛ :=
∞∑
n=1
‖ϕn − ψn‖‖πn(Φ˜(Λ))‖ <∞, (4.1)
for some dual frame Φ˜(Λ) of Φ, and they are said to be c-quadratically close
whenever 4.1 is satisfied for Λ = 0.
• As usual we say that a Bessel sequence Ψ in H is a µ-perturbation of Φ if
‖Φ−Ψ‖Fr = ‖TΦ − TΨ‖op ≤ µ.
The following result measures the similarity of a frame and a sequence. More precisely,
it shows in particular that the perturbation of a frame remains being a frame when the
perturbation parameter is sufficiently small.
Proposition 4.1. Let Φ be a frame for H. The following assertions hold for each sequence
Ψ in H.
(1) If Φ and Ψ are d-quadratically close with qΛ < 1, then Ψ is a frame for H with
bounds 1
M
Φ˜(Λ)
(1− qΛ)2 and MΦ
(
1 +
√
q
MΦ
)2
. Particularly, if
(a)
√
mΦMΦ˜(Λ) ≤ 1− qΛ, then
∆(R(UΦ),R(UΨ)) ≤
√
q
mΦ
.
(b)
√
mΦMΦ˜(Λ) > 1− qΛ, then
∆(R(UΦ),R(UΨ)) ≤
√
qMΦ˜(Λ)
1− qΛ .
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(2) If Φ and Ψ are c-quadratically close with q0 < 1, then Ψ is a frame for H with
bounds mΦ(1− q0)2 and MΦ
(
1 +
√
q
MΦ
)2
. Particularly, we have
∆(R(UΦ),R(UΨ)) ≤ 1
1− q0
√
q
mΦ
.
(3) If Ψ is a µ-perturbation of Φ with µ <
√
mΦ, then Ψ is a frame for H with bounds
(
√
mΦ − µ)2 and (
√
MΦ + µ)
2 and particularly
∆(R(UΦ),R(UΨ)) ≤ µ√
mΦ − µ.
Proof. Assertion (3) is proved in the paper [16, Theorem 4.6]. Moreover, assertion (2) is
a special case of (1) for the case when Θ = 0 and MΦ˜(0) =
1
mΦ
. Hence, it will be enough
to prove assertion (1). To this end, first note that the frame bounds of Ψ are obtained in
the paper [4, Theorem 2.1]. We now make use of Lemma 2.1 for (Φ,Ψ) and (Ψ,Φ) and
find that
δ(R(UΦ),R(UΨ)) ≤
√
q
mΦ
,
and
δ(R(UΦ),R(UΨ)) ≤
√
qMΦ˜(Λ)
1− qΛ
=
√
q
mΦ
√
mΦMΦ˜(Λ)
1− qΛ .
Hence, the claims follow from the definition of the gap between the closed subspaces
R(UΦ) and R(UΨ). 
The following result paves the way for measuring the associated deviations of the canon-
ical and alternate approximately dual frames from the original ones.
Lemma 4.2. Let Φ and Ψ be two frames for H and let A1,A2 be two operators in B(H)
with ‖IdH −Ai‖op < 1 (i = 1, 2). Then we have
TΨadΘ2 (A2)
− TΦadΘ1(A1) = TΦadΘ1 (A1)(UΦ − UΨ)TΨ˜(0) +Θ
∗
2
− TΦadΘ1(A1)Pker(TΨ) − (A
∗
1 −A∗2)TΨ˜(0).
Proof. First note that ℓ2 = R(UΨ)⊕ ker(TΨ) and thus Pker(TΨ)+PR(UΨ) = Idℓ2, where PX
denotes the orthogonal projection of ℓ2 onto X . In particular, PR(UΨ) = UΨTΨ˜(0). Hence,
we observe that
TΨadΘ2 (A2)
− TΦadΘ1(A1) = A
∗
2TΨ˜(0) +Θ
∗
2 − TΦadΘ1(A1)(Pker(TΨ) + PR(UΨ))
= A∗1TΨ˜(0) − TΦadΘ1(A1)PR(UΨ) +Θ
∗
2
− TΦadΘ1(A1)Pker(TΨ) − (A
∗
1 −A∗2)TΨ˜(0)
= TΦadΘ1 (A1)
UΦTΨ˜(0) − TΦadΘ1 (A1)UΨTΨ˜(0) +Θ
∗
2
− TΦadΘ1(A1)Pker(TΨ) − (A
∗
1 −A∗2)TΨ˜(0)
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= TΦadΘ1 (A1)
(UΦ − UΨ)TΨ˜(0) +Θ∗2
− TΦadΘ1(A1)Pker(TΨ) − (A
∗
1 −A∗2)TΨ˜(0),
and the lemma is proven. 
The following result estimate the deviation of the canonical approximately dual of
original and perturbed sequence. Particularly, it paves the way for computing the distance
between the canonical dual and canonical approximately dual of perturbed sequence with
respect to the norm ‖ · ‖Fr, see Proposition 4.4 below.
Proposition 4.3. Let Φ be a frame for H and let Ψ be a µ-perturbation of Φ with
µ <
√
mΦ. Then Ψ is a frame for H with lower frame bound (√mΦ−µ)2 and particularly,
if A1 and A2 are two operators in B(H) with ‖IdH − Ai‖op < 1 (i = 1, 2), then for the
canonical approximate duals Φad0 (A1) and Ψad0 (A2) of Φ and Ψ, respectively, we have∥∥∥Φad0 (A1)−Ψad0 (A2)∥∥∥
Fr
≤ 2µ‖A1‖op√
mΦ(
√
mΦ − µ) +
‖A1 −A2‖op√
mΦ − µ
≤ 2µ√
mΦ(
√
mΦ − µ) +
ε1(2µ+
√
mΦ)√
mΦ(
√
mΦ − µ) +
ε2√
mΦ − µ,
where ε1 and ε2 are the approximation rates of
(
Φ,Φad0 (A1)
)
and
(
Ψ,Ψad0 (A2)
)
, respec-
tively.
Proof. If we apply Lemma 4.2 for Θ1 = 0 = Θ2, we get
TΨad0 (A2) − TΦad0 (A1) = TΦad0 (A1)(UΦ − UΨ)TΨ˜(0) − TΦad0 (A1)Pker(TΨ) − (A
∗
1 −A∗2)TΨ˜(0)
= A∗1TΦ˜(0)(UΦ − UΨ)TΨ˜(0) −A∗1TΦ˜(0)Pker(TΨ) − (A∗1 −A∗2)TΨ˜(0)
= A∗1TΦ˜(0)(UΦ − UΨ)TΨ˜(0) −A∗1TΦ˜(0)(Pker(TΦ) − Pker(TΨ))
− (A∗1 −A∗2)TΨ˜(0);
The reader will remark that in the last equality we use the following fact
TΦ˜(0)Pker(TΦ) = S
−1
Φ TΦPker(TΦ) = 0.
We now invoke part (3) of Proposition 4.1 and the equality
∆(ker(TΦ), ker(TΨ)) = ∆(R(UΦ),R(UΨ))
to conclude that∥∥∥Φad0 (A1)−Ψad0 (A2)∥∥∥
Fr
= ‖TΦad0 (A1) − TΨad0 (A2)‖op
≤ µ‖A1‖op√
mΦ(
√
mΦ − µ) +
‖A1‖op√
mΦ
∆(ker(TΦ), ker(TΨ))
+
‖A1 −A2‖op√
mΦ − µ
≤ 2µ‖A1‖op√
mΦ(
√
mΦ − µ) +
‖A1 −A2‖op√
mΦ − µ ,
and the proposition is proven. 
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As an immediate consequence we have the following result which study how perturba-
tion effects the canonical dual of original and canonical approximate dual of perturbed
sequence.
Proposition 4.4. Let Φ be a frame for H and let Ψ be a µ-perturbation of Φ with µ < mΦ.
Then Ψ is a frame for H with lower frame bound (√mΦ − µ)2 and particularly, if A is
an operator in B(H) with ‖IdH − A‖op < 1, then for the canonical dual Φ˜(0) of Φ and
canonical approximate dual Ψad0 (A) of Ψ, we have∥∥∥Φ˜(0)−Ψad0 (A)∥∥∥
Fr
≤ 2µ‖A‖op + ε
√
mΦ√
mΦ(
√
mΦ − µ) ,
where ε is the approximation rate of
(
Ψ,Ψad0 (A)
)
.
Next result shows that if Φ is a frame and Ψ is a Bessel sequence in H which is a
µ-perturbation of Φ, then for a given approximately dual of Φ one can choose an approx-
imate dual of Ψ such that their frame norm is small when the perturbation parameter
is sufficiently small. Particularly, our choice of the approximately dual of the perturbed
frame turns out to be perfect in terms of best approximations with respect to the norm
‖ · ‖Fr.
Theorem 4.5. Let Φ be a frame for H and let Ψ be a µ-perturbation of Φ, with µ <√
mΦ. Then Ψ is a frame for H with lower frame bound (√mΦ − µ)2 and for each
Θ ∈ ranB(H,ℓ2)(TΦ) and each operators A1,A2 ∈ B(H) with ‖IdH −Ai‖op < 1 (i = 1, 2),
the approximate dual ΨadΘba(A2) of Ψ is a best approximation of ΦadΘ (A1) with respect to
the norm ‖ · ‖Fr and a λ-perturbation of ΦadΘ (A1), where Θba = Pker(TΨ)UΦadΘ (A1) and
λ =
µ√
mΦ − µ
(‖A1‖op√
mΦ
+ ‖Θ‖op + ‖A1 −A2‖op
µ
)
.
Proof. The fact that Ψ is a frame for H follows directly from part (3) of Proposition 4.1.
This part of theorem also yields that Ψ has the lower frame bound (
√
mΦ−µ)2. If now we
apply lemma 4.2 for approximate duals ΦadΘ (A1) and ΨadΘba(A2) of Φ and Ψ, respectively,
we get
TΨadΘba(A2)
− TΦadΘ (A1) = TΦadΘ (A1)(UΦ − UΨ)TΨ˜(0) − (A
∗
1 −A∗2)TΨ˜(0).
From this, with inequality ‖TΦadΘ (A1)‖op ≤
‖A1‖op√
mΦ
+ ‖Θ‖op, we can deduce that the approx-
imate dual ΨadΘba(A2) of Ψ is a λ-perturbation of ΦadΘ (A1). In order to show that ΨadΘba(A2)
is a best approximation of ΦadΘ (A1) with respect to the norm ‖ · ‖Fr, it suffices to prove
that for all Λ ∈ ranB(H,ℓ2)(TΨ) we have∥∥∥ΨadΘba(A2)− ΦadΘ (A1)∥∥∥
Fr
≤
∥∥∥ΨadΛ (A2)− ΦadΘ (A1)∥∥∥
Fr
.
To this end, we make use of the equalities PR(UΨ) + Pker(TΨ) = Idℓ2 ,
Λ∗PR(UΨ) = 0 and TΨ˜(0)Pker(UΨ) = S
−1
Ψ TΨPker(UΨ) = 0
to find that
TΨadΛ (A2) − TΦadΘ (A1) = (A
∗
2TΨ˜(0) + Λ
∗)− TΦadΘ (A1)
= (A∗2TΨ˜(0) − TΦadΘ (A1))PR(UΨ) + (Λ
∗ − TΦadΘ (A1))Pker(TΨ).
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Specially, this equality for Θba ∈ ranB(H,ℓ2)(TΨ) reduce to the following equality
TΨadΘba (A2)
− TΦadΘ (A1) = (A
∗
2TΨ˜(0) − TΦadΘ (A1))PR(UΨ);
This is because of, in this case we have
(Θ∗ba − TΦadΘ (A1))Pker(TΨ) = 0.
This together with the fact that R(UΨ) = ker(TΨ)⊥ implies that
‖TΨadΘba (A2) − TΦadΘ (A1)‖op ≤ ‖TΨadΛ (A2) − TΦadΘ (A1)‖op,
which proves the claim. 
Note 4.6. For the rest of this paper, we shall use the letter Θba exclusively to denote the
operator defined in Theorem 4.5.
The following discussion together with part 2 of Remark 5.1 below show that the
operator Θba is far from devoid of interest and it can have a nice contribution to frame
theory, see also the proof of Theorem 4.11 below.
Remark 4.7. (1) Another perturbation condition of frames in Hilbert spaces is the com-
pactness of the frame synthesis operator which has been investigated by Christensen and
Heil [7, Theorem 4.2]. In detail, they showed that if Φ is a frame for H and Ψ is a
sequence in H such that TΦ − TΨ is compact, then Ψ is a frame sequence. Suppose that
either A1 = A2 or they are compacts. With an argument similar to the proof of Theorem
4.5 one can show that for each Θ ∈ ranB(H,ℓ2)(TΦ) the Bessel sequence ΨadΘba(A2) is the
only approximate dual of Ψ such that TΦadΘ (A1)−TΨadΘba (A2) is compact which is also a best
approximation of ΦadΘ (A1) in the norm space (Fr(H), ‖ · ‖Fr) as well. This is because of,
the Banach space of all compact operators on H is an ideal of B(H).
(2) Theorem 4.5 shows that the canonical approximately dual Ψad0 (A2) of Ψ is in general
not a best approximation of the canonical dual Φad0 (A1) of Φ.
(3) A special case of Theorem 4.5 gives an explicit construction of the approximately
dual frame which is the best approximation of the given alternate dual frame, see also
part 2 of Remark 5.1 below.
It is notable to note that, by replacing µ with
√
q, the results presented in above can
be adapted for two quadratically close sequences Φ and Ψ with q < mΦ as new results;
This is because of, in this case Ψ is a
√
q-perturbation of Φ. In the case when we lose the
assumption q < mΦ, Christensen [5] showed that Ψ is not a frame for the whole space H
provided that mΦ ≤ q <∞. Hence, in the next two results inspired by [4] we investigate c
and d-quadratically close sequences to formulate similar results as above for quadratically
close sequences without imposed condition q < mΦ. Particularly, Example 4.10 below
shows that these investigations expand our results to the sequences which do not satisfy
the Paley and Wiener perturbation condition.
Since the logic of the proof of the next two results is the same as above, for the con-
ciseness of the presentation we avoid the burden of proof.
Theorem 4.8. Let Φ be a frame for H and let Ψ be a sequence in H. Assume that A1
and A2 are operators in B(H) with ‖IdH − Ai‖ < 1 (i = 1, 2) and Λ is an arbitrary
operators in ranB(H,ℓ2)(TΦ). If Φ and Ψ are d-quadratically close with qΛ < 1, then for
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each Θ ∈ ranB(H,ℓ2)(TΦ) the approximate dual ΨadΘba(A2) of Ψ is a best approximation of
ΦadΘ (A1) in AD(Ψ) and a ρ-perturbation of ΦadΘ (A1), where
ρ =
√
qMΦ˜(Λ)
1− qΛ
(‖A1‖op√
mΦ
+ ‖Θ‖op + ‖A1 −A2‖op√
q
)
.
Particularly, if
(1)
√
mΦMΦ˜(Λ) ≤ 1− qΛ, then∥∥∥Φad0 (A1)−Ψad0 (A2)∥∥∥
Fr
≤ 2
√
q‖A1‖op +√mΦ‖A1 −A2‖op
mΦ
.
(2)
√
mΦMΦ˜(Λ) > 1− qΛ, then
∥∥∥Φad0 (A1)−Ψad0 (A2)∥∥∥
Fr
≤
√
MΦ˜(Λ)
1− qΛ
(
2‖A1‖op
√
q
mΦ
+ ‖A1 −A2‖op
)
.
Here it should be noted that an interesting version of the following result can be obtain
whenever in it the operators Λ and Θ are equal. Now, let us state Theorem 4.8 for the
case of c-quadratically close sequences.
Theorem 4.9. Let Φ be a frame for H and let Ψ be a sequence in H. Assume that A1 and
A2 are operators in B(H) with ‖IdH−Ai‖ < 1 (i = 1, 2). If Φ and Ψ are d-quadratically
close with qΛ < 1, then for each Θ ∈ ranB(H,ℓ2)(TΦ) the approximate dual ΨadΘba(A2) of
Ψ is a best approximation of ΦadΘ (A1) in AD(Ψ) and a υ-perturbation of ΦadΘ (A1), where
Θba = Pker(TΨ)UΦadΘ (A1) and
υ =
√
q√
mΦ(1− q0)
(‖A1‖op√
mΦ
+ ‖Θ‖op + ‖A1 −A2‖op√
q
)
.
Particularly, the deviation of the canonical approximately dual of original and perturbed
sequence can be estimated by∥∥∥Φad0 (A1)−Ψad0 (A2)∥∥∥
Fr
≤ 1√
mΦ(1− q0)
(
2‖A1‖op
√
q
mΦ
+ ‖A1 −A2‖op
)
.
In the following we will construct an example for which Theorem 4.9 works while
Theorem 4.5 does not. Here it should be noted that it is inspired by [4, Example 2.5].
Example 4.10. Let for each n ∈ N, αn = 2n and kn = 4n and let t1 = 3 and tn = 2 for
all n ≥ 2. suppose also that Φ and Ψ are the following sequences
Φ =
( 1
αn
en,
1
αn
en · · · , 1
αn
en︸ ︷︷ ︸
kn
)
n
,
and
Ψ =
( tn
αn
en,
1
αn
en · · · , 1
αn
en︸ ︷︷ ︸
kn
)
n
.
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It is now not hard to check that Φ is a tight frame with bounds mΦ = MΦ = 1 and thus
SΦ = IdH. Moreover, one can easily seen that Ψ is a frame with bounds mΨ = 1 and
MΨ = 3. But, we observe that
‖TΦ − TΨ‖op ≥ ‖(TΦ − TΨ)δ1‖ = (t1 − 1)
α1
= 1,
and
q =
∞∑
n=1
‖ϕn − ψn‖2 =
∞∑
n=1
(tn − 1)2
α2
= 1 +
∞∑
n=2
1
4n
=
13
12
> 1.
Hence, Φ and Ψ neither quadratically close with q < mΦ nor µ-perturbation with µ < mΦ.
Thus Theorem 4.5 does not work for Φ and Ψ whereas Theorem 4.9 works for them. This
is because of, we have
q0 =
∞∑
n=1
‖ϕn − ψn‖‖πn(Φ˜(0))‖ =
∞∑
n=1
(tn − 1)
α
× 1
αn
=
1
2
+
∞∑
n=2
1
4n
=
7
12
< 1.
In the following two result we are going to construct frames from a given frame and
characterize their approximately dual frames.
Theorem 4.11. Let Φ be a frame for H and let Ψ be a µ-perturbation of Φ such that
µ <
√
mΦ/2. Then then there exists a one-to-one correspondence between AD(Φ) and
AD(Ψ).
Proof. In order to achieve the proof of theorem we show that the map
Γ : AD(Φ)→ AD(Ψ); ΦadΘ (A) 7→ ΨadΘba(A)
is bijective. To this end, first suppose that Γ(ΦadΘ (A)) = Γ(ΦadΘ′(A′)). Hence, we have
ΨadΘba(A) = ΨadΘ′ba(A
′). (4.2)
It follows that UΨadΘba (A)
= UΨad
Θ′
ba
(A′) and thus we have
UΨ˜(0)A+ Pker(TΨ)UΦadΘ (A) = UΨ˜(0)A
′ + Pker(TΨ)UΦad
Θ′
(A′).
Now, using the duality relation between Ψ and Ψ˜ we get A = A′. From this, by Eq. (4.2),
we deduce that Pker(TΨ)UΦadΘ (A) = Pker(TΨ)UΦadΘ′(A). Hence, we get Pker(TΨ)Θ = Pker(TΨ)Θ
′.
We now invoke the equalities
Pker(TΦ)Θ = Θ and Pker(TΦ)Θ
′ = Θ′
to conclude that
(Pker(TΨ)|ker(TΦ))Θδn = Pker(TΨ)Θδn
= Pker(TΨ)Θ
′δn
= (Pker(TΨ)|ker(TΦ))Θ′δn,
for all n ∈ N. On the other hand, by part 3 of Proposition 4.1, we observe that
∆(ker(TΦ), ker(TΨ)) < 1 and thus the operator Pker(TΨ)|ker(TΦ) is isomorphism, by what
was mention in Section 2. It follows that Θ = Θ′ and therefore the map Γ is injective.
It remains to show that Γ is surjective. For this, suppose that ΨadΛ (A) is an arbitrary
approximate dual of Ψ. If we set
Θ := Pker(TΦ)(Pker(TΨ)|ker(TΦ))−1(Λ− Pker(TΨ)UΦ˜(0)A),
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then we observe that Γ(Θ) = Λ and thus
Γ(ΦadΘ (A)) = ΨadΓ(Θ)(A)
which implies that Γ is surjective. 
5. Application to Gabor frames
Recall that a Gabor frame is a frame for L2(R) of the form G := (EmbTnag)m,n∈Z, where
a, b > 0, g ∈ L2(R), Tnaf(x) = f(x − na) and Embf(x) = e2πimbxf(x) for all f ∈ L2(R).
In view of [6, Theorem 11.3.1], the sequence G can only be a frame if ab ≤ 1, but it is
not a sufficient condition. Another necessary condition can be expressed in terms of the
boundedness of the function G(x) :=
∑
n∈Z |g(x− na)|2. More precisely, if G is a Bessel
sequence with bound MG , then
G(x) ≤ bMG a.e. x ∈ R, (5.1)
see Proposition 11.3.4 of [6]. Now, let us to recall a sufficient condition from [6, Theorem
11.4.2]. If g ∈ L2(R), a, b > 0 and suppose that
mG :=
1
b
sup
x∈[0,a]
∑
k∈Z
∣∣∣∣∣∑
n∈Z
g(x− na)g(x− na− k/b)
∣∣∣∣∣ <∞,
and
MG :=
1
b
inf
x∈[0,a]
[∑
n∈Z
|g(x− na)|2 −
∑
k 6=0
∣∣∣∑
n∈Z
g(x− na)g(x− na− k/b)
∣∣∣] > 0,
then G is a frame for L2(R) with bounds mG ,MG .
Recall also from [6] that if G is a frame and ab < 1, then there exists infinitely many
gd in L2(R) such that we have the following reconstruction formula for each f ∈ L2(R)
f =
∑
m,n∈Z
〈
f, EmbTnag
d
〉
EmbTnag;
that is, the Gabor frames G and Gd = (EmbTnagd)m,n∈Z are dual Gabor frames. But the
standard choice of gd is S−1G g, where
SG : L2(R)→ L2(R); f 7→
∑
m,n∈Z
〈
f, EmbTnag
〉
EmbTnag
is the frame operator of G. It is worth mentioning that if the operator A ∈ B(L2(R))
commutes with E±b and T±a, then A and its adjoint commute with Emb and Tna for
all m,n ∈ Z. In particular, Lemma 12.3.1 of [6] guarantees that there are infinitely
many operators A on L2(R) which commute with E±b, T±a and ‖IdL2(R) − A‖ < 1. For
example, it is sufficient to set A equal to an appropriate scalar multiple of the frame
operator of G or A := TGUGad. Moreover, we would like to recall from [6, Proposition
12.3.6] that if g ∈ L2(R), a, b > 0 are given and G is a frame for L2(R), then a Gabor
system Gd = (EmbTnagd)m,n∈Z is a dual frame if and only if the function gd has the form
gd = S−1G g + h−
∑
m,n∈Z
〈
S−1G g, EmbTnag
〉
EmbTnah
for some function f ∈ L2(R) for which (EmbTnah)m,n∈Z is a Bessel sequence.
The following remark will be needed in the sequel.
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Remark 5.1. Let G = (EmbTnag)m,n∈Z and Gd = (EmbTnagd)m,n∈Z be dual Gabor frames.
(1) An argument similar to the proof of [6, Proposition 12.3.6] with the aid of [14,
Theorem 2.1] shows that the Gabor system Gad = (EmbTnagad)m,n∈Z is an approx-
imately dual frame if and only if the function gad has the form
gad = A∗S−1G g + h−
∑
m,n∈Z
〈
S−1G g, EmbTnag
〉
EmbTnah (5.2)
for some function f ∈ L2(R) for which (EmbTnah)m,n∈Z is a Bessel sequence and an
operator A ∈ B(L2(R)) which commutes with E±b and T±a and ‖IdL2(R)−A‖ < 1.
If in Eq. (5.2) we set h = SGgd, then we obtain the following generator of an
approximately dual Gabor frame of G
gad = A∗S−1G g − g + SG(gd),
which is very applicable for constructing of approximately dual Gabor frames with
a desired approximation rate, see [14, Section 3].
(2) An argument similar to the proofs of [6, Lemma 6.3.6 and Theorem 6.3.7] and [14,
Theorem 2.1] implies that if Φad is an approximately dual of Φ, then there exists
an operator A ∈ B(H) with ‖IdH − A‖op < 1 and W ∈ B(ℓ2,H) such that for
operator V :=W (Idℓ2 − UΦS−1Φ TΦ) we have
ϕadn = A∗S−1Φ ϕn + V δn
= A∗S−1Φ ϕn +Wδn −
∞∑
j=1
〈
S−1Φ ϕn, ϕj
〉
Wδj. (5.3)
Particularly, if we set Ω = (ωn := Wδn)n, then TΩ = W and thus the bound-
edness of W implies that Ω is a Bessel sequence. Hence, this characterization
of approximately duals of a given frame Φ says that there exists correspondence
between Bessel sequences in H and the duals of Φ. But, it is not hard to check
that Idℓ2 − UΦS−1Φ TΦ = Pker(TΦ). It follows that V = WPker(TΦ) and therefore we
have
ϕadn = A∗S−1Φ ϕn + (Pker(TΦ)W ∗)∗δn = πn(ΦadPker(TΦ)W ∗(A)). (5.4)
From Eqs. (5.3) and (5.4), we deduce that in Theorem 4.5 above ΦadΘ (A1) is the
Bessel sequence corresponding to the approximately dual frame ΨadΘba(A2) of Ψ.
That is, in terms of Bessel sequence we have the following explicit representation
for the component of the sequence ΨadΘba(A2)
πn(Ψ
ad
Θba
(A2)) = A∗2S−1Ψ ψn + πn(ΦadΘ (A1))−
∞∑
j=1
〈
S−1Ψ ψn, ψj
〉
πn(Φ
ad
Θ (A1)).
Now we are in position to consider the effect of perturbations of Gabor systems on their
alternate and approximately dual Gabor frames.
Our starting point is the investigation of the perturbation question on the generating
function of a Gabor system. Its proof can be obtained via Proposition 4.3, Theorem 4.5
and Eq. (5.1) combined with Theorem 22.4.1 of [6] and Remark 5.1 above. The details
are omitted.
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Theorem 5.2. Let g1, g2 ∈ L2(R) and a, b > 0 be given, and suppose that G is a frame
for L2(R). If
r :=
1
b
sup
x∈[0,a]
∑
k∈Z
∣∣∣∣∣∑
n∈Z
(g1 − g2)(x− na)(g1 − g2)(x− na− k/b)
∣∣∣∣∣ < mG1 ,
then G2 is a frame for L2(R) with lower frame bound (√mG1 −
√
r)2 and it is a
√
r-
perturbation of G1 as well. Moreover, if A1 and A2 are two operators in B(L2(R)) which
commutes with E±b and T±a and ‖IdH −Ai‖op < 1 (i = 1, 2), then we have∑
n∈Z
∣∣(A∗1S−1G1 g1 −A∗2S−1G2 g2)(x− na)∣∣2 ≤ b [ 2√r‖A1‖op√mG1(√mG1 −√r) + ‖A1 −A2‖op√mG1 −√r
]
,
for almost everywhere x ∈ R, and for given approximately dual Gabor frames Gad1 of G
with generating function
gad1 = A∗1S−1G1 g1 + h−
∑
m,n∈Z
〈
S−1G1 g1, EmbTnag1
〉
EmbTnah,
the function
gad2 = A∗2S−1G2 g2 + gad1 −
∑
m,n∈Z
〈
S−1G2 g2, EmbTnag2
〉
EmbTnag
ad
1
generates the best approximation of Gad1 in AD(G2).
The following three corollaries are now immediate. The first ones state Theorem 5.2
especially for the case of canonical approximately dual Gabor frames and the second ones
study how perturbation in the Wiener space norm effects the alternate and approximately
dual Gabor frames of original and perturbed generating function.
Corollary 5.3. Let g1, g2, a, b, r,A1 and A2 be as in Theorem 5.2. Then the function
gad2 = A∗2S−1G2 g2 +A∗1S−1G1
(
gad1 −
∑
m,n∈Z
〈
S−1G2 g2, EmbTnag2
〉
EmbTnag
ad
1
)
generates the best approximation of the canonical approximately dual Gabor frame of G1
in AD(G2) and∑
n∈Z
∣∣(A∗1S−1G1 gad1 − gad2 )(x− na)∣∣ ≤ b√r√mG1 −√r
(‖A1‖op√
mG1
+
‖A1 −A2‖op√
r
)
for almost everywhere x ∈ R.
Let us recall from [6] that for given a > 0 the Wiener space is defined by
W :=
{
g : R→ C| g is measurable and ‖g‖W,a :=
∑
k∈Z
‖gχ[ka,(k+1)a)‖∞ <∞
}
,
where χ[ka,(k+1)a) denotes the characteristic function of [ka, (k + 1)a) on R. This space
equipped with the norm ‖ · ‖W,a becomes a Banach space. It is notable to mention that
the space W is independent of the choice of a and different choices give equivalent norms.
It is shown in [6, Corollary 22.4.2] that if g1, g2 ∈ L2(R) and a, b > 0 are such that G1 is a
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frame for L2(R) and ‖g1− g2‖W,a <
√
bmG1
2
, then r ≤ 2
b
‖g1− g2‖W,a. Hence, the following
next result follows from Theorem 5.2 with r replaced by 2
b
‖g1 − g2‖W,a.
Corollary 5.4. Let g1, g2 ∈ L2(R) and a, b > 0 be given, and suppose that G is a frame
for L2(R). If ‖g1 − g2‖W,a <
√
bmG1
2
, then G2 is a frame for L2(R) with lower frame
bound
(√
mG1 −
√
2
b
‖g1 − g2‖W,a
)2
and it is a
√
2
b
‖g1−g2‖W,a-perturbation of G1 as well.
Moreover, if A1 and A2 are two operators in B(L2(R)) which commutes with E±b and
T±a and ‖IdH −Ai‖op < 1 (i = 1, 2), then we have∑
n∈Z
∣∣(A∗1S−1G1 g1 −A∗2S−1G2 g2)(x− na)∣∣2 ≤ 2
√
2b‖g1 − g2‖W,a‖A1‖op
√
mG1(
√
mG1 −
√
2
b
‖g1 − g2‖W,a)
+
b‖A1 −A2‖op
√
mG1 −
√
2
b
‖g1 − g2‖W,a
,
for almost everywhere x ∈ R, and for given approximately dual Gabor frames Gad1 of G
with generating function
gad1 = A∗1S−1G1 g1 + h−
∑
m,n∈Z
〈
S−1G1 g1, EmbTnag1
〉
EmbTnah,
the function
gad2 = A∗2S−1G2 g2 + gad1 −
∑
m,n∈Z
〈
S−1G2 g2, EmbTnag2
〉
EmbTnag
ad
1
generates the best approximation of Gad1 in AD(G2).
In the case of canonical approximately dual Gabor frames, Corollary 5.4 reduces to the
next result.
Corollary 5.5. Let g1, g2, a, b,A1 and A2 be as in Corollary 5.4. Then the function
gad2 = A∗2S−1G2 g2 +A∗1S−1G1
(
gad1 −
∑
m,n∈Z
〈
S−1G2 g2, EmbTnag2
〉
EmbTnag
ad
1
)
generates the best approximation of the canonical approximately dual Gabor frame of G1
in AD(G2) and∑
n∈Z
∣∣(A∗1S−1G1 gad1 − gad2 )(x− na)∣∣ ≤ b
√
2‖g1 − g2‖W,a√
bmG1 −
√
2‖g1 − g2‖W,a
(
‖A1‖op√
mG1
+
√
b‖A1 −A2‖op√
2‖g1 − g2‖W,a
)
for almost everywhere x ∈ R.
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